Introduction
Indentation experiments have long been used to measure the hardness of materials. In addition to hardness, some basic mechanical properties of the materials, such as Young's modulus, yield strength, and hardening exponent, can be deduced from the indentation load-displacement curves for loading and unloading. One of the most well known and widely adopted methods for determining the hardness and Young's modulus was proposed by Oliver and Pharr ͓1͔. Numerous studies based on finite element ͑FE͒ techniques have also been conducted to determine the mechanical properties of materials by matching the loading and unloading curves with the experimental ones ͓2,3͔. In recent years, a number of methods based on both experimental and numerical studies have been proposed to extract the elastoplastic properties from the indentation data. For example, Cheng and Cheng ͓4,5͔ used dimensional and finite element analyses to evaluate the mechanical properties of the materials from conical indentation problems. An alternative method based on displacement and energy approaches to determine Young's modulus, yield strength, and hardness from the loading part of the indentation curve and the indentation depth after unloading was also proposed in the work of Giannakopoulos and Suresh ͓6͔. However, their method failed to resolve the issue of uniqueness. More recently, Tunvisut et al. ͓7,8͔ employed dimensional analyses and finite element techniques to determine the relationships between Young's modulus, yield strength, and strain hardening for both elastoplastic substrate and coating materials. Their work also highlighted that materials with different uniaxial loading responses can yield almost identical indentation load-depth curves. To overcome such a nonuniqueness problem, the use of final contact area was proposed. However, their method relies significantly on accurate measurements of the maximum indentation load, the initial unloading slope, and the final contact area. The accuracy of the measurement of the final contact area is, nevertheless, difficult to achieve in practice due to sinking-in or piling-up effects ͓9͔. It has been shown that a 5% error in the unloading slope may result in maximum errors of 5%, 30%, and 50%, respectively, in the predicted values of Young's modulus, yield strength, and hardening exponent. In addition a 5% error in the measurement of the final contact area may give rise to as high as 20% and 60% errors in the yield strength and hardening exponent, respectively ͓10͔. The inaccuracy in this method has also been recently confirmed by Gamonpilas ͓11͔. Such large errors are unacceptable in engineering practice. As a result, an accurate method, which can determine accurately unique material properties directly from indentation tests, is needed.
This study presents a novel methodology to extract the elastoplastic properties using only the indentation load-displacement data. A procedure based on inverse analyses and finite element modeling is developed to perform this task and is validated through numerical experiment. The necessary steps required for this procedure and its effectiveness and feasibility are also discussed.
Finite Element Model
The indentation process of elastoplastic materials using both conical and spherical indenters, as shown in Fig. 1 , is considered. In the conical indentation, the indenter with included half-angle of 70.3 deg was chosen since it gives the same contact area-to-depth ratio as the Berkovich three-sided pyramidal and Vickers foursided pyramidal indenters. An indenter radius of 200 m was assumed for the spherical indentation. An elastoplastic material with Young's modulus E, yield strength y , and hardening exponent n, can be characterized by a power law relation of the form
where and are the equivalent stress and strain, respectively, and y = y / E is the yield strain. The material is assumed to obey the von Mises yield criterion. A typical indentation curve ͑see Fig.  2͒ is characterized by the loading and unloading parts, the maxi-mum indentation load ͑F max ͒ and its corresponding maximum indentation depth ͑h m ͒, and the final depth after unloading ͑h f ͒. The finite element analyses were performed using the commercial package ABAQUS ͓12͔. Since both conical and spherical indentations have a geometric and loading symmetry about the axis of the indenter, they can be modeled as a cylinder being indented by either rigid conical or spherical indenters. In order to obtain smooth indentation load-depth curves, it is essential to use small elements in the vicinity of the contact region. These elements are needed to accurately resolve high stresses and the evolving contact conditions at this region. Gradually, coarser elements are applied away from the contact region in order to reduce the total number of degrees of freedom and computational time. Mesh sensitivity analysis was carried out to ensure a mesh-insensitive result, and the final mesh consisted of 12,490 four-noded axisymmetric elements ͑see Fig. 3͒ . A load was applied to the rigid indenter by means of a downward displacement. Displacementcontrolled is preferred to load-controlled because of its stable numerical convergence in contact simulations. The equivalent reaction force is reported as the indentation load and the indentation depth is obtained from the vertical displacement of the node directly underneath the indenter tip. In addition, frictionless condi- Transactions of the ASME tions are assumed at the interface between the indenter and substrate material throughout the analyses.
Inverse Analysis Procedure
Inverse analysis techniques have gained widespread use in many engineering applications, including signal processing, inertial navigation, radar tracking, manufacturing, and many other aspects as it has proved to be an effective and popular way of solving non-linear least-squares problems ͓13͔. A couple of wellknown optimizing algorithms, namely, the Levenberg-Marquardt ͑LM͒ ͓14,15͔ and the Kalman filter ͓13͔, have often been used in inverse analysis problems. Both algorithms can provide an efficient computational solution and are easy to implement. Although many inverse analysis techniques have been introduced in various applications, the use of inverse analysis techniques to determine the material properties from indentation is still relatively new. Not much work has been published regarding the use of this technique in conjunction with the indentation test. Until recently, the inverse approach and instrumented indentation technique have been used to successfully evaluate the material parameters of functionally graded materials ͓16͔.
From Eq. ͑1͒, an elastoplastic material is fully described by three material parameters, namely, E, y , and n. It is well known that E can be extracted directly from the indentation unloading curve using the well-established method of Oliver and Pharr ͓1͔. Consequently, the problem of determining the elastoplastic material properties can be simplified to finding only y and n. In this work, these parameters are evaluated from the inverse analysis based on the LM method, whereby the calculated indentation load t * is matched with the measured load t in the least-squares sense.
The iterative procedure for optimizing the parameters is based on the recent work of Schnur and Zarabas ͓17͔. The use of the LM method based on the context of this work can be illustrated by the flow chart shown in Fig. 4 . The theory of the LM method is based on minimizing the error function ⌽ with respect to the vector p, defined as
where p is a vector that contains the unknown parameters, i.e., p T = ͕ y , n͖, and m is the number of measurements. The vector r is defined as
where t * and t are the calculated and measured data, respectively. In order to reduce the computation effort to perform the finite element calculations within each iteration during the inverse analysis, a reference database was created. The database contained numerically computed indentation load-displacement data for different combinations of y and n. These combinations consist of the parametric values given in the list below; y = 200,400,600,800,1000,1200 ͑4͒ n = 3,5,8,10,15,20 ͑5͒
During the inverse analysis procedure, the load-displacement values for any combinations of y and n were interpolated through cubic relationships between the points in the database. An example of interpolation of indentation loads at various combinations of y and n at the assumed indentation depth of 0.1 m is shown as a contour plot in Fig. 5 . 
Results and Discussion
The inverse analysis uses the experimentally measured indentation load at various indentation depth increments to seek for unknown parameters. Before applying this method in a real experiment, it was necessary to verify the accuracy and effectiveness of the proposed procedure using simulated experimental data generated from the finite element solutions. To do this, an arbitrary pair of y and n, with values of 800 MPa and 10, respectively, was chosen as a fictitious material model and its indentation loading-unloading response was simulated for each indenter. Ten displacement increments ranging from 0.5-8 m with their corresponding loads were selected for the study. Results are next presented for two cases; namely, the single indenter and double indenter procedures.
Single Indenter Procedure.
At the beginning, the proposed inverse procedure was investigated using a single conical indenter. The indentation load-displacement data points obtained from this indenter are shown in Fig. 6 . Using these simulated data as input, the LM algorithm outlined in the previous section was performed. Reference data were created and supplied to the algorithm as a database. Seven initial guess values were assigned to the unknown parameters. Figure 7 demonstrates the converging trends of the seven sets of initial values; i.e., sets A-G. The arrows indicate the direction of convergence. The results show that set A with initial guess values of y = 300 MPa, n = 3 never approaches the actual values, while sets B and C with the initial values prescribed in the figure converge to the values of y = 565 MPa, n = 3 and y = 756 MPa, n = 7, respectively. However, all other remaining sets D, E, F, and G converge to the actual values of y = 800 MPa, n = 10.
The converging results of the initial guess values of sets B and C were used to simulate the indentation load-depth curves. Figure  8 compares the simulated results obtained from the converging values of sets B and C with the actual simulated data. It is seen clearly that three materials with different uniaxial behavior can produce almost identical indentation curves although they exhibit different stress distributions in the contact region ͑see Fig. 9͒ . This example indicates the non-uniqueness problem associated with a single measurement datum.
These results confirm that initial guess values play an important role in the converged condition. However, in real tests, it would be impossible to determine whether the final predicted values of y and n are representative or close to those of the tested material. Transactions of the ASME Unlike the demonstration shown here, the actual solutions are not known a priori in a real test. Thus, the proposed inverse procedure will be useful only if the problems considered "ill-posed" ͑i.e., not able to achieve convergence͒ and "non-unique" are resolved. One way to avoid such problems is to supply additional measurement data to the LM algorithm, as discussed next.
Double Indenter Procedure.
Although additional measurements from the residual contact area using optical methods can certainly improve the LM method, it is not considered to be due to its difficulty in implementation or to higher human uncertainty in the measurements of small length-scales. Instead, other indentation load-depth measurements from a spherical indenter is considered. As in the conical indenter, the database for spherical indentation was created by implementing separate finite element simulations with chosen combinations of y and n. Prior to running the LM method using both conical and spherical data, the convergence behavior of the spherical data alone was inspected. A similar outcome to that of the conical indenter was observed; that is, the problem with non-uniqueness is still not resolved although the analysis using the spherical indenter does lead to better convergence as compared to the conical indenter. The combined indenter procedure is coupled with the LM algorithm by reformulating the objective function defined in Eq. ͑2͒. With the additional measurement data, the dimensions of vectors and matrices increase. Reference data for both indenters are supplied initially. After assigning initial guess values of y and n, the program processes simultaneously the indentation loads of both indenters for the first iteration. The problem is then iterated and guess values updated until the solutions converge.
Similar to the single indenter procedure, the accuracy of double indenter procedure is evaluated by checking the convergence results of the sets containing initial guess values that diverge or result in non-uniqueness, i.e., choosing the sets A, B, and C mentioned in the previous section. The converged results are shown in Fig. 10 , where a dramatic improvement from the results shown in Fig. 7 can be observed. This figure clearly illustrates that all initial guess values now converge to the actual values in less than ten iterations. It is noted that additional analyses were also conducted using other guess values. It was found that any guess values within the defined database, i.e., y = 200-1200 MPa and n = 3 -12, always converge to the actual solution. Furthermore, a comparison between the predicted FE solutions and numerical data is demonstrated in Fig. 11 . It is apparent that the FE solutions The feasibility of this method was also tested by using different values of the actual solution for y and n and repeating the above procedure. Convergence behavior similar to that in Fig. 10 was obtained. It is also worth pointing out that the most important issue in the inverse analysis is how to identify the relative accuracy of the final estimated values in real tests where actual solutions are unknown. Thus, one should be cautious by repeating the procedure several times with different initial guess values to ensure the repeatability of the numerical estimates.
Conclusions
In this work, a procedure based on finite element modeling and inverse analysis is proposed to uniquely determine the mechanical properties of elastoplastic materials from indentation data. In order to verify the effectiveness of the proposed procedure, detailed finite element analyses are carried out to extract elastoplastic material properties; i.e., y and n. Problems considered illconditioned and non-unique when a single indenter procedure is used, are overcome by using a double indenter procedure ͑i.e., two different sets of data from two different indenters͒. Feasibility studies also show that the proposed procedure is well suited to extract elastoplastic material properties from the indentation tests because it processes over multiple data points to best estimate the unknown material parameters. It is also worth noting that although only two unknown material parameters are predicted in this present work, the proposed method could easily be modified to extract the mechanical properties for a more general case involving more than two unknown parameters, such as creep behavior.
